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Abstract

Steady and transient conjugate heat transfer and fluid flow through tree-shaped radially branching micro-channel networks, embedded in a disk-
shaped heat sink, are investigated using numerical simulations. The typical dimensions of the disk are taken as 20 mm radius and 2 mm thickness
while the hydraulic diameters of the micro-channel network are in the range of 0.67–0.44 mm, with a constant 0.5 mm height. In steady state,
increased levels of complexity of the tree network result in more uniform temperature distribution in the disc (T̄max → T̄avg). However the degree
of reduction in temperature reduces for higher complexity. Using the steady state result for minimal flow resistance that yields minimal thermal
resistance for heat transfer, the transient response of the disk with differing levels of tree complexities is shown to behave more uniformly under
similar imposed heat transfer load. The effect of radial inclination of the flow tree channels on the overall pressure drop of the coolant flow and
the disk temperature distribution is also investigated. By allowing 0.1 mm radial inclination to the channel network shows 45 percent reduction
in pressure drop for the first level of branching complexity (k = 1, n = 3) and 25 percent for the highest level (k = 4, n = 3) as compared to the
corresponding planar channel.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

It is established that the temperature of electronic devices
has a strong impact on their reliability and performance [1] and
they need to be maintained below 80–110 ◦C. Cooling options
using disks embedded with conventional straight and parallel
rectangular cross-section micro-channel networks posses two
inherent drawbacks, namely high-pressure drop requirement
and uneven temperature distribution. Following the evolution
of natural systems, it is shown in Bejan [2,3], and Bejan and
Errera [4] that when competing global and local constraints
operate, the optimal geometric design often is engineered to
become a tree structure. Applying this idea, treating the min-
imization of temperature difference (thermal resistance) along
with the flow resistance, Wechsatol et al. [5] showed that in
a uniformly heat generating disc cooled by a flow, the optimal
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flow path evolves into a tree shaped network as the flow reaches
steady state. Further analysis for radial tree-shaped flow chan-
nels on disks have been reported in Wechsatol et al. [6], while
Rocha et al. [7] discussed about the application of tree-shaped
networks for electronics cooling proposing geometries for min-
imal flow resistance.

Micro-channel heat sinks are emerging as one of the optimal
solutions for electronics cooling applications in the present sce-
nario. Tuckerman and Pease [8] built a water-cooled heat sink
with micro channels capable of receiving up to a heat flux of
790 W cm−2. Chen and Cheng [9] showed the fractal nature
of tree-shaped micro-channel networks used in cooling elec-
tronics. Senn and Poulikakos [10] investigated laminar mixing
effects on the thermo-hydraulics of tree-shaped micro-channel
networks and their cooling applications in fuel cells.

In this study the concept of tree-shaped networks is utilized
to optimize the flow and thermal resistance of micro-channels
embedded in a disk for cooling electronics. This has been ex-
plored by Wang et al. [11] in a recent study for a specific disk
geometry and flow rate of the coolant under steady state. In
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Nomenclature

A surface area . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

b number of bifurcations at the end of each channel
cp specific heat . . . . . . . . . . . . . . . . . . . . . . . . J kg−1 K−1

Dh hydraulic diameter . . . . . . . . . . . . . . . . . . . . . . . . . . m
d thickness of the disk . . . . . . . . . . . . . . . . . . . . . . . . . m
h̄ height of the channel (h/R), nondimensional
H height of the channel . . . . . . . . . . . . . . . . . . . . . . . . m
l length variation along the dashed line, Fig. 2
L length of the channel . . . . . . . . . . . . . . . . . . . . . . . . m
L̄ length of the channel (l/Lk), nondimensional
k lower order branching level at the bifurcation
M mass flow rate (ṁcp/(λsd)), nondimensional
ṁ mass flow rate . . . . . . . . . . . . . . . . . . . . . . . . . . kg s−1

n number of bifurcations at the center of the disk
p pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N m−2

P̄ pressure ((Pin − Pout)/(
1
2ρv2

in)), nondimensional
q heat current (q ′′πR2) . . . . . . . . . . . . . . . . . . . . . . . W
q ′′ heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W m−2

q∗ heat flux (q ′′/(q ′′
0 = 250 kW m−2)), nondimen-

sional
R radius of disc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
r̄ radius (r/R), nondimensional
Re Reynolds number (vDh/ν)
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T̄ temperature ((T − Tin)/(q/λsd)), nondimensional

v velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m s−1

V volume of the disk . . . . . . . . . . . . . . . . . . . . . . . . . m3

W width of the channel . . . . . . . . . . . . . . . . . . . . . . . . . m
x, y, z coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
X projected length of channel on x coordinate . . . . m

Greek symbols

θ angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . degrees
λ thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

μ dynamic viscosity . . . . . . . . . . . . . . . . . . . . . N s m−2

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

τ time (αst/R
2), nondimensional

ξ , η tangential and normal coordinates to the surface,
Fig. 2

Subscripts
avg average
b bulk fluid
btm bottom
ch channel
cr critical
f fluid
in inlet
incl inclination
max maximum
out outlet
s solid
general, owing to the nature of the electronics being cooling,
these disks with tree networks would be subjected to transient
thermal condition during the periodic start-up or shut-down of
the device. Irrespective of their geometric branching complex-
ity, knowledge of the transient performance of such cooling
tree networks becomes essential to operate the electronics at
or below their Set Point Temperature (SPT = 90 ◦C) limit. The
present study generates the critical minimal mass flow rate re-
quired in steady state for the safe operation of the disk (i.e.
Tmax < TSPT) for several imposed heat fluxes, under increasing
levels of complexity. These minimal mass flow rates (minimal
flow resistance) are used to study the transient system perfor-
mance. Further, as an option for minimizing further the overall
pressure-drop, the flow channel inclination effect is also inves-
tigated.

2. Geometry and governing equations

The configuration shown in Fig. 1 is the considered tree-
shaped radial branching micro-channel network grooved on sil-
icon disk of 20 mm in radius and 2 mm thickness for all the
levels (k = 1 to 4). Fig. 2 depicts the two dimensional view
of level k = 4 of disk in Fig. 1. The dimensions of the micro-
channels are optimized based upon the two constraints of fixed
total volume and fixed channel volume in order to minimize the
global flow resistance of the path as shown in Bejan [3]. The
Fig. 1. Schematic diagram of three-dimensional geometry of disk with grooved
tree structured micro-channels for levels k = 1 to 4, n = 3.
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Table 1
Typical micro-channel dimensions in mm, as calculated from Wechsatol et al. [16]

k H W Dh X θ (◦) L

k = 0 0 0.5 1 0.6667 20 120 20
k = 1 0 0.5 1 0.6667 4.28 120 4.28

1 0.5 0.7937 0.6135 15.72 74.94 16.44
k = 2 0 0.5 1 0.6667 3.14 120 3.14

1 0.5 0.7937 0.6135 9.64 38.85 10.18
2 0.5 0.6300 0.5575 7.22 36.77 8.64

k = 3 0 0.5 1 0.6667 3.06 120 3.06
1 0.5 0.7937 0.6135 7.76 40.6 8.32
2 0.5 0.6300 0.5575 6.22 36.79 7.36
3 0.5 0.5 0.5 2.96 42.39 3.88

k = 4 0 0.5 1 0.6667 2.18 120 2.18
1 0.5 0.7937 0.6135 8.04 37.5 8.4
2 0.5 0.6300 0.5575 5.84 38.1 6.74
3 0.5 0.5 0.5 2.78 43.1 3.6
4 0.5 0.3968 0.4425 1.16 49.8 1.736
Fig. 2. Two-dimensional computational domain is 1/6th comprising part of the
full geometry of level k = 4, n = 3, shown in Fig. 1.

optimized dimensions of the different levels of the tree struc-
ture networks are given in Table 1. As suggested in Wechsatol
et al. [5], based on the Murray’s law [12], in the laminar flow
case, the hydraulic diameters of branching ratios can be written
as

Dk+1

Dk

= b−1/3 (1)

where, b is the number of branches into each channel split, for
the present analysis, b = 2 and k represents the lower order
branching level at the bifurcation (see Fig. 1). The procedure
suggested in Pence and Enfield [13] can be extended further to
rectangular cross section channel to find the widths or lengths
of branching ratios for fixed height, as

Wk+1

Wk

= b−1/3 (2)

Lk+1 = b−1/3 (3)

Lk
As shown in Fig. 1, the cooling flow network branches out
from the center of the disk into three channels (n = 3) and each
channel bifurcates into two (b = 2) at each level (k). The values
of k = 0 to 4, with k = 0 representing the straight radial chan-
nel, determine the increasing complexity of the network from
the center to the periphery of the disk. Observe in Fig. 2 the
sub-channels at each branch are denoted using letters a to h.
For example, at k = 2, the corresponding sub-channels are la-
beled as a, b and c so that k = 2a, k = 2b and k = 2c represent
respectively, the individual section of the channel. As shown in
Fig. 1 the bottom wall of the disk is subjected to constant heat
flux q ′′. The disk is cooled in time by a steady, laminar fluid
flow in the channels, with fixed inlet mass flow rate (ṁ, kg s−1)
and temperature Tin. Use of the Navier–Stokes equations in pre-
dicting the flow and heat transfer behavior in micro-channels
has been validated by many recent studies including Liu and
Garimella [14], Judy et al. [15] and Qu and Mudawar [16]
with good agreement found between the measurements and nu-
merical predictions. Hence the governing equations for mass,
momentum and energy are solved using numerical methods in
the present study for both solid and fluid domain of the disk
shown in Fig. 1 and are as follows.

• Continuity equation:

∇.�v = 0 (4)

• Momentum equation:

ρ(T )
D�v
Dt

= ∇p + ∇.
(
μ(T )∇�v)

(5)

• Energy equation:
– Fluid region:

ρ(T )cp(T )
DT

Dt
= ∇.

(
λ(T )∇T

)
(6)

– Solid region:

(ρc)s
∂Ts

∂t
= ∇.(λs∇Ts) (7)

The above governing equations are solved in the solid and
liquid regions of the disk with the boundary conditions in Fig. 2
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along with constant heat flux (q ′′ = constant) imposed at the
bottom of the heat sink, constant mass flow at the inlet of the
channel (ṁ = constant), pressure outlet (gauge pressure, p = 0)
imposed at the periphery (outlet) of the disk and adiabatic con-
ditions imposed at the remaining exposed surfaces of the disk.

3. Solution methodology

Numerical simulation are performed using a finite volume
formulation of Eqs. (4) to (7) with a second order upwind
scheme of iterative solution with the pressure and velocity
terms of Eqs. (4) and (5) coupled using the SIMPLE algo-
rithm [17]. Suitable grid and time step size were chosen after
performing grid and time step independence tests of the numer-
ical results for all the tree complexity levels (k = 0 to 4). Owing
to journal printing space constraints, only sample grid and time
step independence results for the level k = 2 and n = 3 (see
Fig. 1) are reported in Tables 3 and 4 respectively. Based on
these results, for level k = 2, the grid size with 311 158 cells
and the time step 0.025 were used to generate further results.
The numerical simulation takes into account the temperature
dependent property variation in the fluid (water, Table 2) while
constant properties are considered for the silicon substrate (Ta-
ble 2).

Table 2
Properties of liquid water (in SI units) at atmospheric pressure (273.15 < T <

373.15 K) [1] and properties of silicon (in SI units) at 310 K used in the simu-
lation

ρ(T ) 999.8396 + 18.22494T − 7.92221 × 10−3T 2 − 5.54485 × 10−5T 3

+ 1.4956 × 10−7T 4 − 3.93295 × 10−10T 5/(1 + 1.8159 × 10−2T )

where T in ◦C
μ(T ) 2.414 × 10−5 × 10247.8/(T −140) where T in K
cp(T ) 8958.9 − 40.535T + 0.11243T 2 − 1.0138 × 10−4T 3 where T in K
λ(T ) −0.58166 + 6.3555 × 10−3T − 7.9643 × 10−6T 2 where T in K
ρs 2330
cs 712
λs 148
4. Results and discussion

Fig. 3(a) depicts for constant heat flux q∗ = 0.4 imposed, the
variation of T̄max as a function of the coolant mass flow rate. For
reliable operation of the electronics, in nondimensional value,
the heat sink disc should be operating below SPT � 0.1488,
shown by horizontal line. It is obvious that to maintain the disc
maximum temperature below SPT, compared to the straight
channel case (k = 0), the critical minimum mass flow rate (Mcr)
required by the tree shaped network is less. The degree of tem-
perature reduction also reduces as one proceeds to higher level
of complexity of the tree network (from k = 1 to 4).

The Mcr required for each level of complexity to operate the
disc heat sink below SPT can be obtained from Fig. 3(a). Com-
paring the Mcr obtained for the configurations n = 3, k = 1
and n = 3, k = 2 with that of the one available in Wechsatol
et al. [18], one can observe from Fig. 3(b), the similarity of the
trend of thermal and flow resistance. However the configuration
from Wechsatol et al. [18] predict a lesser thermal resistance
(T̄ ) than that of the present case, for identical flow rate (M).
This is due to two reasons. The boundary conditions of the
constant heat flux as imposed in the present case are different
from that of the constant volumetric heat generation imposed
in Wechsatol et al. [18]. The constant surface q∗ imposed is a
more appropriate boundary condition for modelling heat sinks
attached to electronics using a substrate of finite material thick-
ness. This requires the system to operate with a higher thermal
resistance, caused by the heat diffusion across the heat sink
from the surface where q∗ is imposed to the cooling channel
(see Fig. 1). The second reason that increases the thermal resis-
tance is the μ(T ) considered for the cooling fluid that reduces
the convection heat transfer coefficient of the coolant flow.

For all levels of channel branching complexity with coolant
flow kept at Mcr, Figs. 4(a) and (b) depict respectively the
isotherms over the bottom surface of the disk and the circum-
ferential average temperature along the radius of the disc from
center to periphery. The dashed lines in Fig. 4(a) indicate the
location of the branching of the trees for various levels of com-
Table 3
Grid independence study: k = 2, n = 3, Tin = 300 K, ṁ = 3 × 10−3 kg s−1, q ′′ = 100 kW m−2

S. no. Total grid Tmax, K Error �Tmax Mass flux Error in energy

points in percentage balance, kg s−1 Ein−Eout
Ein

× 100

1 164 038 349.4301 – 2.1275 × 10−13 4.9100 × 10−6

2 213 730 344.8983 1.2969 7.656 × 10−10 6.5290 × 10−6

3 311 158 344.8708 0.0078 8.1865 × 10−14 5.4426 × 10−6

Table 4
Time independence study for k = 2, n = 3, with grid size 311 158

S. no. Time step Time taken to reach Tmax (at the bottom surface Error in percentage

�t , s steady state, s of the chip) K �Tmax
�t × 100

1 0.5 25 344.8662 –
2 0.25 25 344.8638 −0.96
3 0.1 25 344.8747 10.9
4 0.05 25 344.8749 0.4
5 0.025 25 344.8750 0.4
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Fig. 3. (a) Steady state maximum temperature of the heat sink for several flow
rates for all network levels considered for a constant imposed heat flux q∗ =
0.4. (b) Comparison of present results with Wechsatol et al. [18] for the tree
levels k = 1, n = 3 and k = 2, n = 3.

plexity (see Fig. 1). The increasing temperature towards the
edge of the disk is expected in Fig. 4(a) (i to iv), irrespective
of the complexity of branching, the dimensions of Table 1, as
discussed in Wechsatol et al. [5], strives to keep the flow re-
sistance minimum by the geometry of the branches. Hence the
thermal resistance increases locally along the radial direction.
On the other hand, although the disk heat sink is operating at
a higher average temperature for higher levels of complexity
(compare k = 4 with k = 1 in Fig. 4(b)), a more uniform tem-
perature distribution is achieved (T̄max → T̄avg) as complexity
of branching increases.

Upon testing the configuration for several values of imposed
heat flux q∗, the corresponding Mcr that operates the disc below
SPT during steady state is found for all levels of complexity
(k = 0 to 4) and are given in Fig. 5. Except for lower values of
q∗, the required Mcr varies almost linearly with q∗ for all the
levels (k = 0 to 4).

To highlight the importance of transient response under op-
timal flow (mass flow rate, M) and thermal resistance (maxi-
mum temperature of the sink T̄max), the system behavior under
non-optimal conditions is presented first. In Fig. 6, the time
evolution of the T̄max at the bottom surface of the disk is plot-
ted in nondimensional values for all levels of network com-
plexity (k = 0 to 4) for an arbitrary coolant mass flow rate
(M = 42.39 ≡ ṁ = 3 g s−1). It is apparent from Fig. 6 that the
time taken to asymptotically reach steady state (calculated as
the time for T̄max to reach 99.9 percentage of the steady state
T̄max) is different for different levels of complexities. However
the constancy of the imposed mass flow rate M has rendered the
systems with various k levels to operate with different thermal
resistances. In other words, a non-optimal (arbitrary) flow resis-
tance (M) offsets the optimality of the thermal resistance T̄max
of the system, also in the transient situation. This can be recti-
fied as shown in Fig. 7, where each of the system with different
k levels of complexity, when imposed with identical heat load
(fixed q∗), is supplied with the critical minimum mass flow rate,
Mcr, setting the required respective optimal flow resistance.

Each of the set of curves grouped distinctly are for three
different imposed heat flux values, while each group contains
curves for each of the k values. What is more striking in Fig. 7
is the observation of the uniformity of the transient response
of the system for all the levels of complexity k, when supplied
with their respective Mcr values (similar T̄max values for each
q∗ with variation among them being less than 2 percentage),
even though these Mcr values were obtained from their respec-
tive steady state results (Fig. 3).

Further, observing the other sets of curves one can con-
clude that this transient response of the system when oper-
ating under an optimal flow resistance (thereby optimal ther-
mal resistance) is invariant to the imposed heat flux. The non-
dimensionalization of the T̄max on the ordinate renders the cor-
responding nondimensional SPT value lesser due to the pres-
ence of the q∗ in the denominator (see nomenclature), but the
dimensional SPT value is the same for all the cases tested.
Hence, comparing with the sets of curves for q∗ = 0.2, as ex-
pected, the time for reaching steady state (calculated as the time
for T̄max to reach 99.9 percentage of the steady state T̄max) for
the set of curves imposed with q∗ = 0.4 decreases.

At these critical mass flow rates, the transient evolution of
the bottom surface average temperature T̄avg is shown in Fig. 8,
where as expected, the disk system with higher levels of branch-
ing complexity (thereby, more fluid flowing space) evolves into
a lesser steady state temperature value.

The effect of providing a radial inclination for the micro-
channel network is next studied by providing inclinations of
(h̄out − h̄in) = h̄incl = 0.005 and 0.0125. Figs. 9(a) and (b) show
the effect of the radial inclination of the coolant channels on the
pressure distribution along the path shown as a dotted line along
the center of the channel in Fig. 2, for the channel levels k = 1, 2
and k = 3, 4 respectively. At each channel bifurcation point (see
Fig. 2), the hydrodynamic boundary layer redevelops confining
the pressure peaks to appear at these locations. The overall pres-
sure drop however is less when compared to the configuration
with zero radial inclination channel. As the number of levels (k)
increases it results in more number of peaks formed along the
radial direction of the flow, leading to lesser degree of pressure
drop reduction because of the channel inclination. This effect
is apparent in Fig. 10, where the channel inclination is shown



B.V.K. Reddy et al. / International Journal of Thermal Sciences 47 (2008) 1482–1489 1487
Fig. 4. (a) (i–iv) Steady state isotherms for all network levels at the bottom surface of the disk in Fig. 1. (b) The circumferential average (along the dashed line in
Fig. 4(a)) temperature along the radius of the disk for identical parameters that resulted in Fig. 4(a).
with respect to heat flux for all levels of channel network com-
plexity. Observing either a set of continuous (h̄incl = 0.0125)

or dashed lines (h̄incl = 0.005) one can perceive the reduction
in the pressure drop gained by channel inclination effect. Fur-
ther as one could expect higher the inclination, higher the gain
in the pressure drop observed, which however would be limited
by manufacturing constraints of the heat sink.

Worth noting is the fact that the dependence of pressure
drop gain because of inclination on the imposed heat flux is
very weak even when thermophysical property variation for the
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Fig. 5. The variation of heat flux with the mass flow rate for all levels.

Fig. 6. Transient response of the T̄max (at the bottom of the disk) with M =
42.39 for all the tree levels.

Fig. 7. The transient behaviour of maximum temperature of disk with critical
mass flow rates of the tree levels 1 to 4.

Fig. 8. The transient behaviour of average temperature of disk at bottom surface
with critical mass flow rates of the tree levels 1 to 4.

Fig. 9. The effect of channel inclination on the pressure distribution for all the
tree levels (a) k = 1 and 2, n = 3 (b) k = 3 and 4, n = 3.
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Fig. 10. The reduction in pressure between straight and inclined channel net-
work with heat flux for all levels.

coolant flow (μ = μ(T ); ρ = ρ(T ); λ = λ(T ); cp = cp(T ); see
Table 2) are taken into account. This suggests the use of chan-
nel inclination as design feature to have pressure drop incurred
for higher levels of network complexity (k = 3 or 4) where
one could anticipate more uniform temperature distribution (as
shown in Figs. 3 and 4).

5. Conclusions

Tree-shaped branching micro-channel networks, embedded
in a disk-shaped heat sink, are studied numerically. The conju-
gate heat transfer within heat sink is analyzed by considering
heat conduction in the solid portion of the disc along with the
forced convection of the cooling fluid.

Results show that increased complexity in the network
geometry achieved with increased levels of branching of the
fluid channels, decreases the maximum temperature (T̄max) of
the heat sink, when imposed with a constant heat flux. It further
reduces the overall temperature difference (T̄max − T̄in) result-
ing in a more uniform temperature distribution (T̄max → T̄avg)
for the heat sink. To maintain the heat sink below the SPT and
also to have uniform temperature one has to go for an increased
branching level for a given typical mass flow rate.

Transient response of the disk with differing levels of tree
complexities, using the steady state result for minimal flow
resistance that yields minimal thermal resistance for heat trans-
fer, was also investigated. Irrespective of the level of channel
branching complexity, the transient thermal resistance of the
cooling disk is shown to behave uniformly under similar im-
posed heat transfer load, allowing the heat sink disk to operate
within the set point temperature (SPT = 90 ◦C) of the electron-
ics being cooled. This is an useful engineering result as the
electronics being cooling by these tree-network microchannel
embedded disks would in practice be subjected to transient ther-
mal condition during the periodic start-up or shut-down of the
device.

Further, even though the disk operates at a more uniform
spatial temperature (T̄max → T̄avg) for higher levels of complex-
ity of the tree networks (for k = 3 or 4), the overall pressure
drop also increases. It is shown here that an inclination of the
microchannel tree network along the radial direction, irrespec-
tive of the level of complexity (k), reduces the overall pressure
drop of the system. For instance, by allowing h̄incl = 0.005 in-
clination to the channel shows 45 percent reduction in pressure
drop for the level k = 1, n = 3 and 25 percent for level k = 4,
n = 3 as compared to the corresponding planar channel. With
the reduced average temperature of the system for higher com-
plexity of the geometry providing channel inclination is a viable
option for increasing the performance of such networks.
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